Abstract. We consider the grid resolution necessary to resolve combustion in a mixture of calorically imperfect ideal gases described by detailed kinetics and multicomponent transport. Using the steady premixed laminar flame as a paradigm, the required spatial discretization to capture all detailed physics in the reaction zone is found via 1) determination of the finest grid used in a standard software tool which employs adaptive mesh refinement, 2) examination of peak values of intermediate species mass fractions in the flame zone as a function of grid size, 3) a formal grid resolution study, and 4) a robust new eigenvalue analysis developed to estimate the finest length scale. Application to laminar premixed flames in hydrogen-air flames reveals that the finest length scale is on the order of 10 −4 cm for combustion at atmospheric pressure. Resolution at this scale is shown to be necessary to capture detailed species mass fraction profiles; other features such as steady flame speeds and equilibrium thermochemical properties do not have such a stringent length scale requirement.
Introduction
Here we will employ a few basic numerical strategies to develop reliable tools which can give estimates of the grid size necessary for a mathematically verified calculation of reacting flows. The estimates are developed for a simple configuration: a one-dimensional steady laminar flame. Indeed, it may come as a surprise that such straightforward tools as grid convergence studies of laminar flames have not been highlighted in the literature.
But that is in fact the status quo, and the absence of such studies, coupled with the ultimate need for accurate reacting flow calculations for more complex scenarios, justifies the straightforward exercise presented here.
There is some ambiguity in the combustion literature about what constitutes a resolved solution. Many consider a calculation to be resolved if certain global or derived quantities, such as steady flame speed, are insensitive to grid size. Indeed, these are necessary conditions. However, as discussed by Roache [1] , convergence of only global quantities is not a sufficient indicator of a fully resolved solution, and taken alone can lead to incorrect conclusions. While a derived quantity may be a function of all dependent variables, it may be insensitive to errors in some of them. Which variables they are insensitive to is problem-dependent, and impossible to determine a priori. In the context of a combustion problem, the fact that one may be using a grid which captures the correct flame speed offers no guarantee that species mass fractions have been accurately predicted.
Here, we follow Roache [1] and adopt the more rigorous characterization of a resolved solution as one in which all dependent variables throughout the domain are insensitive to changes in discretization size. This more demanding characterization is fully consistent with standard notions found in the broader mathematical and scientific computing literature, cf. [2] [3] [4] [5] [6] . The exercise of demonstrating the harmony of the discrete solution with the foundational mathematics is known as verification [7] . Neglecting this issue can give rise to solutions whose macro-behavior depends on the size of the grid and the algorithm that has been used to solve the mathematical model.
For multi-scale problems, verification is difficult due to the range of the scales, which may span many orders of magnitude. Nonlinearity can induce significant coupling across the scales so that errors at small scales can rapidly cascade to the large scales. Moreover, the strength of the coupling across the scales is not known a priori. So, all the physical scales of the mathematical model have to be captured in order to have full confidence that predictions are repeatable, grid-independent, and thus verifiable. The main aim of this paper is to estimate the required spatial resolution to capture all physical scales in a standard multi-scale problem: the steady one-dimensional laminar premixed flame propagating freely at atmospheric pressure in a stoichiometric mixture of hydrogen-air described by detailed kinetics and multi-component transport.
In a complementary study, two of the authors [8] gave a robust method to provide an accurate determination of the finest length scale in the reaction zone of a ChapmanJouguet detonation based on spatial eigenvalue analysis. It was concluded that the required spatial discretization for detonations in hydrogen-air mixtures initially at atmospheric pressure is ∼ 10 −4 cm. Here, the method employed in [8] to calculate the length scales for gas phase detonation is implemented with modification for deflagration. The method is reliable in that it has little dependence on the details of the underlying numerical method used to calculate the laminar flame. It simply requires a local determination of the state of the system. As such, it is able to estimate accurately the length scales using a fundamental mathematical approach. Lastly, the present study extends some of our preliminary work on laminar flames [9, 10] .
The paper is organized as follows. In Section 2, the governing partial differential equations (PDEs) for unsteady reactive flow are presented. These are reduced into a system of differential algebraic equations (DAEs) which describes the spatial evolution of the state variables. In this section we also describe the numerical algorithm. In Section 3, results are given. In Section 3.1, the algorithm is verified by comparison with calculations given by Smooke et al. [11] for a laminar premixed flame in a hydrogen-air mixture using a standard adaptive refinement method. On a related problem, we then give a simple estimate of the necessary grid resolution by examining the finest grid size employed by the adaptive method. Then in Section 3.2 we use simulations on several uniform grids to see how a challenging intermediate species mass fraction's peak value converges within the flame zone. Next, in Section 3.3, a more rigorous verification is given by a grid convergence study to demonstrate the necessary and sufficient discretization size required to guarantee that the prediction of dependent variables throughout the domain is insensitive to grid size. Lastly in Section 3.4, all the length scales predicted by the corresponding spatial eigenvalue problem are shown, and the finest length scale is compared with the flame thickness. This comparison is presented for a wide range of pressures.
Mathematical model

Governing equations
The following unsteady equations, in conservative form, describe the system under consideration: a one-dimensional adiabatic laminar premixed mixture of N molecular species composed of L atomic elements which undergo J reversible reactions [12, 13] with no body force:
Here, we use the tilde to denote the laboratory reference frame. The independent variables are the spatial coordinatex and timet. The dependent variables are mixture density ρ, mixture velocityũ, mixture pressure p, mixture viscous stress τ, mass-based specific internal energy of the mixture e, total heat flux J q , and for the i th specie, Y i , J m i , andω i , which are the mass fraction, the diffusive mass flux, and the molar production rate per unit volume, respectively. The constant M i is the molecular mass of specie i. Eqs. (2.1)-(2.3) describe the conservation of mass, linear momentum, and energy, respectively. Eq. (2.4) is an evolution equation for N −1 species. This system of equations is completed by adopting a standard set of constitutive equations for an ideal mixture of reacting calorically imperfect ideal gases. The mixture is taken to react according to the law of mass action for detailed chemical kinetics with Arrhenius temperature-dependency. For diffusive momentum and energy transport, appropriate mixture diffusivity coefficients are adopted; for diffusive mass-transport a multi-component diffusion model is employed. Details are found in Appendix A.1.
The complete system is simplified to the following form which commonly appears in the literature to model stationary laminar premixed flames at constant pressure and low Mach number, cf. [14] [15] [16] [17] :
Here x and u are the distance coordinate and fluid particle velocity, respectively, measured in the reference frame in which the flame is stationary, c p is the mixture-averaged specific heat at constant pressure, T is the temperature, q is the Fourier heat flux, and h i is the enthalpy of specie i. These are completed with an appropriate set of boundary conditions:
where S is the flame speed, x f is a specified spatial point and T f is the specified temperature at that location [15] . These are commonly used to study deflagration, though other formulations are possible. These boundary conditions are sufficient for freely propagating flames, where for this type of flame the mass flow rate is unknown [16, 17] , so the temperature at an interior spatial point has to be specified. The point x f and temperature T f have to be selected such that all the gradients approach zero at the cold boundary at
A solution for the boundary value problem with the boundary conditions can be obtained by discretizing the spatial domain using finite differences. The resulting algebraic system of equations is then solved iteratively using a damped modified Newton's method, where the solution iterate is brought into the convergence domain by using pseudo-time integration [14] . We will use this method for our steady flame calculations.
In all cases the iterative errors we obtain correspond to a relative tolerance RTOL=10 −9 and absolute tolerance ATOL=10 −14 , as defined in detail in [14] . The values utilized are five orders of magnitude more stringent than the default values; moreover, the absolute tolerance is approaching the machine precision error.
The standard form of Eqs. (2.5)-(2.7) is inconvenient for a rigorous eigen-analysis of the length scales. For this task, a non-traditional system of DAEs is more convenient. Following lengthy analysis, one obtains the system of DAEs: 
A posteriori length scale analysis
To accurately determine the length scales over which the system evolves, an eigenvalue analysis of Eq. (2.11) can be performed. Since A is singular, standard eigenvalue analysis is not applicable. Instead, the generalized eigenvalues of this dynamical system are calculated [18] . Employing the generalized eigenvalue method on a singular system is a robust method to distinguish small physically based eigenvalues from those which are mathematically zero. This is particularly important in multi-scale problems where ordinary eigenvalue analysis often generates a set of eigenvalues for which the distinction is either difficult or impossible. The mathematical zero eigenvalues arise from the invariants of the problem. Assume first that z= z(x) has been determined by some appropriate numerical method so that z(x) satisfies Eqs. (2.5)-(2.10) (and thus also Eq. (2.11)). Consider then an arbitrary spatial point x = x * at which the state variables are z = z(x * ) = z * . By defining the perturbation from z(x) as z (x) = z(x)− z(x), and linearizing Eq. (2.11) about x = x * , one finds 12) where A * = A(z * ), f * = f(z * ) are now locally constant, J * is the locally constant Jacobian evaluated as
and Ψ * is a locally constant third-order matrix given by
By considering only linear terms in Eq. (2.12) and employing the fact that A * ·d z/dx| x=x * = f * , one finds that
which can be compactly rewritten as
where
Next, adopt the standard assumption that 
where λ is in general a complex number denoting the generalized eigenvalue, and v is the corresponding generalized eigenvector. Solving for
) it is easily seen that the length scales over which the perturbations evolve are given by the reciprocal of the real part of these eigenvalues,
In general, the eigenvalues are complex, where the reciprocals of the real parts provide the length scales of amplitude growth, and the reciprocals of the imaginary parts represent the oscillatory length scale. In this work, the eigenvalues are purely real, except in some limited portions of the domain. By evaluating the eigenvalues at each spatial point, the length scales over which the system evolves are determined. As a result, the minimum size of discretization to capture the finest scale of the system can be determined. We note that this minimum scale is not necessarily required everywhere in the domain. However, this might justify the use of spatially adaptive algorithms.
Computational method for spatial eigenvalues
A double precision FORTRAN-77 code has been developed and linked with the International Mathematical and Statistical Libraries (IMSL) routines DFDJAC for Jacobian evaluation, DGVLRG for generalized eigenvalues estimation, and a double precision version of the public domain edition of the CHEMKIN package [19, 20 ] to obtain kinetic rates and thermodynamics properties, a double precision version of the public domain edition of the TRANSPORT package [21] to calculate multi-component transport properties of species, and a double precision version of the public domain edition of the PREMIX algorithm [14] to obtain the steady structure of adiabatic laminar premixed flames. In this study, the resolved structure is obtained by solving the standard form, Eqs. (2.5)-(2.7), and the eigenvalues are obtained from Eq. (2.16). Most calculations are performed on a uniform grid to enable the grid resolution study. As a check, using a standard option available in PREMIX, some results are obtained on a grid that is adaptively refined to control the error and capture regions of steep gradient. A second order central difference scheme is employed to discretize the spatial derivatives. All calculations presented have been performed on a single processor 3.2 GHz Hewlett-Packard machine, and typical calculations were completed within one minute. Some highly resolved calculations done in grid convergence studies required significant run times; the most resolved calculation took several weeks.
Results
A stoichiometric hydrogen-air mixture at p o =1 atm is considered, where the initial molar ratio is given by 2H 2 +O 2 +3.76N 2 . A kinetic model identical to that of Smooke et al. [11] , with L = 3 elements, N = 9 species, and J = 19 reversible reactions is used; see Table 1 . In this mechanism, the reactant species are
The non-unity coefficients of the collision efficiency of the i th specie with the third body in the j th reaction are listed in Table 2 . To verify our predictions, we 1) informally compare our results to those previously reported in the literature and more rigorously examine the finest length scale used in a standard adaptive grid modeling strategy, 2) determine the grid resolution necessary to accurately capture the peak value of a challenging intermediate specie, HO 2 , which is most active in the flame zone, 3) perform a formal grid convergence study, and 4) present the results of the spatial eigenvalue analysis and compare the length scale predictions with the direct computational evidence. For all dependent variables z i , the relative errors, E ∞i throughout the entire domain are obtained from the following formula:
Here we take x o to be the location of the cold boundary and x eq to be the location of the equilibrium state. In practice, both x o and x eq will be approximated by finite numbers; also, the exact solution for a state variable z exact i (x) is estimated by a highly refined discrete solution, to be described in more detail in the following sections. 
Adaptive refinement verification
The following calculations use the standard adaptive mesh refinement technique available in the PREMIX code. For informal verification, a calculation is performed to reproduce the temperature and species profiles of the stoichiometric, atmospheric pressure hydrogen-air flame found in Smooke et al. [11] . Eqs. (2.5)-(2.7) with the boundary conditions Eqs. (2.8)-(2.10) are solved; this model is identical to that of [11] . The specified spatial point is x f = 0.05 cm, the specified temperature is T f = 400 K, and the temperature of the unburned mixture is T o =298 K. In this particular calculation, while the Dufour effect in the heat flux model is neglected, the Soret effect in the mass flux model is considered to match the model in [11] . Although considering one of these terms and neglecting the other violates Onsager reciprocity, this is done here for verification purposes only. The results are illustrated in Fig. 1 ; visual inspection shows that the stationary flame structure is identical to that of [11] . To enable direct comparison with [11] , we plot mole fraction,
; the remainder of our species profiles which follow are in terms of mass fraction, Y i .
The predictions shown in Fig. 1 support the standard interpretation of a flame. In short, for small x there is a preheat zone where major species have nearly constant mass fractions. In this zone, minor species have small mass fractions which exhibit exponential growth, though this is not evident on the linear scale of Fig. 1 , and the temperature rises slowly. At a certain location within the flame structure, minor species achieve critical values which enable vigorous reaction in what is called the flame zone. Here, some radical species such as HO 2 acquire large, sharply peaked, values relative to their values in the cold and near-equilibrium regions. For larger x, the system relaxes to a final equilibrium. In this region, exothermic recombination reactions dominate as the major product H 2 O is formed in large quantities. Though not evident on the linear scale shown in Fig. 1 , the solutions are mildly corrupted near the cold boundary x = 0, preventing an effective display of flame dynamics in this region. Due to finite double precision machine accuracy, some of the reactive species mass fractions near the cold boundary 1) artificially converge to negative values, and 2) show oscillations. Nevertheless, the behavior away from the cold boundary has no obvious errors.
In order to suppress numerical anomalies near the cold boundary so as to fully expose the behavior in all regions of the flame, the cold boundary temperature is raised to 800 K for our remaining calculations. Fully resolved steady temperature and species profiles for this temperature are shown in Figs. 2 and 3 . Although linear scales are usually used in the literature, here log-log and semi-log scales have been employed to better illustrate the disparate scales. Fig. 2 shows the spatial distribution of species mass fractions throughout the entire flame zone. At x ≈ 5×10 −4 cm, the minor species growth rates change slightly, which reveals that significant dissociation reactions at this scale are induced. Another increase in the minor species mass fraction growth rates is noted at x ≈ 10 −2 cm, which indicates the occurrence of more vigorous chemical interaction of the minor species. For 10 −2 < x < 2.2×10 0 cm, the minor species mass fractions continue to increase rapidly with different growth rates. On the other hand, the major species H 2 ,O 2 , and N 2 have essentially constant mass fractions. Just past x = 2.2×10 0 cm, which is near the end of the preheat zone, all the species mass fractions undergo significant change, and the radicals' mass fractions reach their maximum values. At x = 2.4×10 0 cm, exothermic recombination of radicals commences forming the predominant product H 2 O. This zone extends up to x = 1.4×10 1 cm; after that, the system comes to an equilibrium where all spatial gradients vanish. To confirm this, the spatial domain is extended to x = 10 2 cm, but no further changes are noted. In Fig. 3 , the temperature profile is presented. At x ≈ 2.2×10 0 cm, the reaction un-dergoes a particularly vigorous stage in which the change in temperature is significant. Thus, the ignition point can be assigned; it is defined as the point where the temperature gradient dT/dx reaches its maximum value. Also, this particular point defines the end of the preheat zone and the beginning of the reaction zone. For this case the ignition point is assigned at x=2.315×10 0 cm. We adopt the simple estimate for the characteristic reaction length scale (i.e. flame thickness) given by Williams [22] , pp. 130-136,
where for this case reaction = 1.60×10 −3 cm. The location of the finest grid predicted by the adaptive refinement algorithm is in fact in the flame zone, near x = 2.3 cm, and the resolution necessary to achieve the prescribed error tolerance was ∆x=6×10 −5 cm. Note that this is over an order of magnitude smaller than reaction .
Intermediate species peak capturing verification
The accurate capture of the peak values of species which are highly active only in the flame zone poses a computational challenge. We systematically examine the grid resolution necessary for the precise prediction of one such specie, HO 2 . For this, the PREMIX code [14] is now used to obtain solutions over a wide range of uniform grid sizes: 3× 10 −2 ≤ ∆x ≤ 6.25×10 −5 cm. Here, the error-control feature in the adaptive refinement algorithm of PREMIX is suppressed to enable these calculations. The peak values of Y HO 2 as a function of ∆x are listed in Table 3 . Assuming the value obtained on the finest grid to be "exact" allows calculation of E HO 2 ; here the calculation of E is restricted to peak values. For coarse grids, there are large relative errors in peak values; the error decreases as the grid size is decreased. We see in Fig. 4 a close view of how the HO 2 mass fraction profile varies with the grid resolution. Fig. 4 does not display the result for ∆x=6.25×10 −5 cm as on this scale it is indistinguishable from that found for ∆x = 1.25×10 −4 cm. Clearly the peak, and the behavior near the peak, is under-resolved for ∆x ≥ 10 −2 cm. Most of the structure near the peak is well resolved for ∆x = 10 −3 cm; for ∆x = 1.25×10 −4 cm, the error is very small; E HO 2 = 2.47×10 −3 . 
Grid convergence verification
While correct capture of peak values of challenging species is a necessary condition for grid resolution, a more systematic and rigorous verification is given by a formal grid convergence study, which is reported next. The result for one dependent variable, Y OH , is presented in Fig. 5 . Results for all other variables bear remarkable similarity to that for Y OH , and so are not presented here. Solutions are obtained on eight different uniform grids. The "exact" solution is estimated using Richardson's extrapolation from the three finest grids [1] . In computing the error via Eq. (3.1), points with species mole fraction below 10 −10 were excluded because of potential roundoff corruption in the double precision calculations. Fig. 5 shows that to obtain a desirable E ∞OH < 0.1 in this problem, a spatial resolution of ∆x ≤ 2×10 −4 cm has to be utilized. Larger grid sizes can induce unacceptably large relative errors; e.g. for ∆x = 10 −2 cm the relative error in Y OH is 40! In addition, it is found that the error at the finest two spatial discretizations is converging towards the exact solution at a rate of O(∆x 1.64 ). It appears in Fig. 5 that the rate of convergence is increasing as ∆x decreases. Finite computational resources prevented the use of finer grids; it is expected that on even finer grids, a convergence rate of O(∆x 2 ), consistent with the truncation error of the finite difference discretization, would have been achieved.
Consideration of the spatial distribution of Y OH at four different grid resolutions, shown in Fig. 6 , provides additional insight. Here, attention is focused on a region at the onset of flame ignition. Clearly one sees that for ∆x = 3×10 −2 cm and 1×10 −2 cm, relative to calculations on a finer grid, there are orders of magnitude difference in the predictions of Y OH . Only for the finer grid resolution is Y OH seen to be converging to achieve a small relative error. In contrast, for this problem, the relative errors in laminar flame speed are not as sensitive. Fig. 7 shows the relative error in laminar flame speed (S−S e )/S e as a function of ∆x, where S e is the approximation to the exact laminar flame speed found from Richardson extrapolation from the three finest grids. To keep the relative error in S below 0.1, one need only employ a ∆x ∼ 2×10 −3 cm. For ∆x = 10 −2 cm, the relative error in S is approximately 0.4, much smaller than that for species mass fractions.
Spatial eigenvalue analysis verification
Having the fully resolved structure in hand, the local Jacobian and the spatial generalized eigenvalues are calculated from the cold boundary to near equilibrium. As a result, the local length scales i are predicted throughout the domain; these results are shown in Fig. 8 . The multi-scale nature of the problem and the length scales over which the species evolve are clearly shown. The finest length scale and the largest length scale for this system vary from 7.60×10 −4 cm and 1.62×10 7 cm in the preheat zone to 2.41×10 −4 cm and 2.62×10 0 cm in the reaction zone, respectively.
The evolution of a particular specie is not associated with a particular length scale, since the species mass fractions depend on local linear combinations of all eigenmodes. So, the species mass fractions can vary on these scales through the entire domain. The finest scale in the preheat zone, ∼ 10 −3 cm, is a good predictor of when significant variation of minor species is exhibited, although the variations are very small. In the preheat zone, x < 2 cm, the scales are all relatively invariant with x. This is likely because the major species and many minor species themselves exhibit little variation in this region. Slight changes are mainly a consequence of the growth of minor species such as HO 2 and H 2 O 2 . At the beginning of the flame zone, near x ∼ 2 cm, the finest length scale begins to drop to ∼ 10 −4 cm. It is in this region that there are many active growing modes, as reflected for example in the local peaks of HO 2 studied earlier. As the flame relaxes to equilibrium at x ∼ 10 cm, the finest scale relaxes. Here it is likely that such fine scales are associated with decaying modes, as there are no fine scale structures evident in the final relaxation towards equilibrium. As the system approaches equilibrium, all of the eigenvalues are real: half are positive, and half are negative. Thus, the equilibrium point is a high order saddle node.
We note that the spatial eigenvalue analysis gives results consistent with the detailed grid convergence analysis. The eigenvalue analysis is potentially more conservative than the grid convergence study since some or many eigenmodes associated with fine scale eigenvalues may in fact be of negligible amplitude. This is likely the case on the approach to equilibrium, but not the case in the flame zone. In any case, the grid convergence study is comprehensive in that it reflects the magnitude of all modes. Since the detailed spatial profiles reveal that the largest resolution errors reside in the flame zone, we speculate that it is in this region that the spatial eigenvalues give the best estimate of where the finest resolution is required. Following the same procedure, a comparison between the predicted finest length scale f inest and the flame thickness reaction over a wide range of pressures is presented in Fig. 9 . The figure reveals that the finest length scale is well correlated with the flame thickness and that both decrease as pressure is increased. On the other hand, f inest is at least one order of magnitude smaller than reaction , which indicates the presence of reaction-induced scales smaller than the flame thickness.
The present approach has been extended to several other stoichiometric mixtures [23] : 1) methane-air, 2) ethane-air, 3) propane-air, 4) ethylene-air, and 5) acetylene-air. The GRI 3.0 mechanism [24] with L = 5 elements, N = 53 species, and J = 325 reversible reactions was adopted as a kinetic model. For each mixture, two cases were studied: 1) the freely propagating laminar flame, and 2) the Chapman-Jouguet detonation. Results in all cases were consistent with those presented for hydrogen-air mixtures.
Conclusions
One-dimensional steady calculations reveal that for an adiabatic laminar premixed flame freely propagating in stoichiometric hydrogen-air mixtures described by detailed kinetics and multi-component transport, the required grid resolution to formally resolve all modeled flow structures, including detailed species mass fractions, is at the micron-level for flames at atmospheric pressure. The requirements are less stringent if one seeks only to correctly capture such macro-features as flame speed and equilibrium properties. However, it should be noted that employing a grid on which the flame speed or other derived quantity is grid-insensitive does not guarantee that detailed species mass fractions are grid-insensitive.
The micron length scale has been predicted by an adaptive refinement algorithm, analysis of the peak values of intermediate species in the flame zone, a formal grid convergence study, and detailed spatial eigenvalue analysis. The length scale predictions are fully reflective of the underlying physics of advection and diffusion coupled with detailed kinetics, and not the particular numerical method chosen. The implications for future calculations of challenging combustion dynamics remain to be seen, but it is likely that proper accounting of commonly modeled state variables gives rise to more stringent computational grid requirements than are commonly employed.
In Eqs. (A.1)-(A.19), the dependent variables are mixture-average molecular mass M, Fourier heat flux q, mass-based specific enthalpy of the mixture h, and for the i th specie, χ i ,ρ i ,c pi ,s o i , andμ o i , which are the mole fraction, the molar concentration (i.e. molar density), mass-based specific heat at constant pressure, mass-based specific enthalpy, mass-based specific entropy at standard pressure, and molar-basis specific chemical potential, respectively. For each reaction from j = 1,··· , J, the new variables are r j ,k j ,and K c j , which denote the reaction rate, the temperature-dependent Arrhenius coefficient, and the equilibrium constant, respectively. For the l th element, Y e l and J e l are the element mass fraction and element mass flux. The variables D ik ,k,and D T i are the multi-component diffusion coefficients, the temperature-dependent mixture thermal conductivity, and the thermal diffusion coefficient of specie i, where these three variables are computed from the solution of the detailed L-matrix system given by Dixon-Lewis [25] ; due to extreme length, details are omitted here. The constant parameters are the universal gas constant = 8.314×10 7 erg mole −1 K −1 , the reference pressure p re f = 1 atm, and the reference temperature T re f =298 K. For the i th specie h f i ,s f i ,a 1i ,··· ,a 7i denote the mass-based specific enthalpy of formation, the reference state mass-based specific entropy, and the coefficients of the curve fit for c pi ,h f i , and s f i which can be found in [20] . For each reaction from j = 1,··· , J, we have A j ,β j ,E j ,ν ij ,ν ij ,and ν ij which represent the collision frequency factor, the temperature-dependency exponent, the activation energy, the stoichiometric coefficient of specie i denoting the number of moles of reactants and products, and the net stoichiometric coefficient, respectively. Moreover, for the j th reactionρ M j and α ji are the third body molar concentration and the coefficients of the collision efficiency of the i th specie with the third body, where these coefficients play a role only in the reactions that contain a third body. In addition, for each element from l = 1,··· , L, m l denotes the element mass and φ li the element index of specie i, which gives the number of moles of element l in specie i. . Formally, to complete the system, one must also consider a constitutive equation for the stress, such as τ = (4/3)µ(∂ũ/∂x), where µ is the first viscosity coefficient; this does not play a role in our analysis.
A.2 Dynamical system model equations
We describe here the reductions necessary to arrive at a set of DAEs to describe the flame structure. The complete system of PDEs, Eqs. (2.1)-(2.4), is first reduced into a system of ordinary differential equations (ODEs) by relaxing the time-dependent behavior of the system to a steadily propagating flame front with constant, albeit unknown, flame speed S. A Galilean transformation is applied to the system with the frame speed equal to the flame speed,
The spatial coordinate x is a flame front-attached coordinate, and u is the mixture velocity in the flame frame. Consequently, the equations that govern the structure of a steady flame are obtained, where after employing the third equation in Eq. (A.3) and standard manipulations they become, in a non-conservative form,
At this point, the low-Mach number assumption is adopted, which has the consequence of rendering the thermodynamic pressure constant and suppressing the viscous dissipation and the advection of pressure in Eq. (A.21c). This assumption is reasonable for deflagration [22] , and implies that for a fixed mass flux the momentum equation no longer need be considered. Subsequently, all the thermodynamic properties, throughout the reaction zone, are evaluated at the surrounding thermodynamic pressure, p o . Eqs. Note that A is a singular matrix of dimension (2N+2)×(2N+2) with rank of 2N − L, f is a set of (2N+2)×1 non-linear functions of the state variables z, also of dimension (2N+2)×1, and I is the identity matrix. Here, the dimensions of D,Ṁ, and I are N× N, while the dimension of Q is 2×2. The dynamical system (A.25) is useful for length scale analysis via generalized eigenvalues. Direct solution of this system for the reaction zone structure is possible, in principle. However, the problem can be shown to be a high order shooting problem, rendering direct solution difficult.
